LOCAL COHOMOLOGY AND F-STABILITY 
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Abstract. We study the relationship between the Frobenius stability of an Artinian mod- 
ule over an F-injective ring and its stable part. 

1. Introduction 

Let (R, m, k) be a local Noetherian ring of positive characteristic p, where p is prime. Let 
F : R —>■ R be the Frobenius homomorphism on R, that F(r) = r p , for all r G R. This 
homomorphism induces a natural Frobenius action on the local cohomology modules H l m (R), 
% — 0, . . . , d — dim(i2). This action is an effective tool in the study of local cohomology 
modules as it was shown over the years by many authors. Our paper deals with the concept 
of Frobenius stability which has its roots in an influential paper by Hartshorne and Speiser [6] 
via the stable part of a module M endowed with a Frobenius action. Since then, papers by 
Lyubeznik [8, 9], Fedder and Watanabe [5], Enescu [3], Singh and Walther [12] and Sharp [11] 
have explored various properties of local cohomology where Frobenius stability played a role 
in some fashion. The work of Hartshorne and Speiser, Lyubeznik, Singh and Walther dealt 
with the concept of Frobenius depth and applications to the Grothendieck vanishing problem 
(see [9], page 1), while Fedder and Watanabe, Enescu and Sharp have explored connections 
to tight closure theory from a different perspective. 

Our main goal is to present a coherent description of Frobenius stability and establish a 
clear relationship between the F-stability in the sense of Fedder- Watanabe and the stable 
part of the local cohomology as in Hartshorne-Speiser and Lyubeznik. With this goal in 
mind, we will carefully discuss various aspects of Frobenius stability and their relevance to 
the aforementioned papers hoping to make our exposition valuable to the reader interested 
in a unitary presentation of these aspects. 

Before stating our main contributions, we need to introduce a few notations and related 
concepts which are used throughout our paper. Everywhere in this note (R, m, k) will denote 
a local Noetherian ring of positive characteristic p, where p is prime, and Krull dimension 
d. A Frobenius action on an Artinian i?-module M is an additive map Fm '■ M — > M such 
that FM(rm) = r p F/vf(m). We will often drop the subscript "— m" from our notation when 
there is no danger of confusion. The main example of Artinian i?-modules that we will 
consider is that of local cohomology modules of R with support in the maximal ideal m. 
Let X — X\^ . . . . Xd t)6 cL system of parameters for R. The ith local cohomology module of R 
equal the ith cohomology module of the Cech complex 

o -> r - ®tiRx t -> > - - o, 
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where Xj = X\ • • ■ Xi_\Xi + i ■ ■ ■ x d , and x = X\ ■ ■ ■ x d . 

The Frobenius F acts on R and its localizations and hence induces an action on the 
cohomology modules of the Cech complex. We will denote this induced Frobenius action on 
HL(R) by F. 

The particular case of H^(R) is very important, as this is the only nonzero local coho- 
mology module of R when R is Cohen-Macaulay. An element of rj G H^(R) is denoted by 
r) = [^] and the Frobenius action F sends rj to F(rj) = [^7]. 

The following alternate description of H^(R) will be useful later in the paper. Let 
xi, . . . ,Xd be a system of parameters in R. The local cohomology module H^(R) can be 
obtained as a direct limit of R/(x\, . . . , x a ) where the maps of the direct system are given 
by 

Rj (x\ , . . . , x d ) — > Rj [x\ , . . . , x l d ) , 
where / > t and x = x± • • • xa- With this in mind, an element rj G H^(R) will be described 
by rj = [z + (x\, . . . ,x t d )}, where z G R. The Frobenius action F sends rj to F(?7) = [z p + 

( x i 5 • • • 5 x d )]• 

Definition 1.1. Let (/?, m, /c) be a local Noetherian ring of positive characteristic p, p 
prime. Then R is F-injective if F acts injectively on H l m (R) for all i. 

In 1989 Fedder and Watanabe defined the notion of F-stability for local cohomology mod- 
ules of R with support in the maximal ideal m of R and studied it in the case of F-injective 
rings, [5]. This definition can be extended to an Artinian i?-module M endowed with a 
Frobenius action. For such modules, Hartshorne and Speiser have defined in 1977 [6], in the 
case when R contains a coefficient field k, a natural /c-vector space M s C M called the stable 
part of M. See Section 2 for precise definitions. Our main contribution in this paper is to 
establish a clear relationship between the F-stability of an Artinian module M and its stable 
part. 

More precisely, we prove the following: 

Theorem 1.2. Let (R,m,k) be a Noetherian local ring containing a coefficient field k. Let 
M be an Artinian R-module which admits an injective Frobenius action. 
Then M is F -stable if and only if M s ^ 0. 

This result allows us to establish a connection between the set of prime ideals P in R 
for which Rp is F-stable and a set of primes discovered by Lyubeznik in his work on F- 
modules (see Definition 2.1 for the definition of F-stability for a local ring). These primes 
are naturally related to the notion of F-depth and we explore this relationship. This is done 
in Section 3. Section 4 presents a counterexample to a natural question on the behavior of 
F-injectivity under flat local maps with regular fibers and shows that complete F-injective 
1-dimensional domains with algebraically closed residue field are regular. 

We would like to review some of the basic definitions and facts from tight closure theory 
that will be needed in our paper. 

We use q to denote a power of p, so q = p e for e > 0. For / C R set 1^ = (i q : i E I). 
Let R° be the complement in R of the minimal primes of R. We say that x belongs to the 
tight closure of I and write x e /* if there exists c G R° such that for all g > 0, cx q G J^. 
We say that x is in the Frobenius closure of J, I F , if there exists a q such that x q G I^ q \ and 
say that / is Frobenius closed if I = I F . When R is reduced then R l l q denotes the ring of 
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qth roots of elements of R. When R 1 ^ is module-finite over R, the ring R is called F-finite. 
We call R weakly F-regular if every ideal of R is tightly closed. A weakly F-regular ring 
is always normal, and under mild hypotheses is Cohen-Macaulay. A ring R is F-regular if 
every localization of R is weakly F-regular. 

We call an ideal / = (xi, . . .x n ) a parameter ideal if ht(J) > n. The ring R is F-rational 
if every parameter ideal is tightly closed. We note that F-rational Gorenstein rings are 
F-regular. 

A ring R for which F : R — » R is a pure homomorphism is called F-pure. An F-pure ring 
is F-injective and moreover an excellent and reduced ring R is F-pure if and only if I F = I 
for all ideals I in R. 

When R is local Cohen-Macaulay, then R is F-injective if and only if some (equivalently, 
every) ideal generated by a system of parameters is Frobenius closed. Moreover, if R is 
Cohen-Macaulay F-injective, then Rp is Cohen-Macaulay F-injective for any prime ideal P 
in R. This fact is well known to the experts. A proof of it follows from the more general 
fact that the Frobenius closure of ideals generated by regular sequences commutes with 
localization. This result has a proof identical to that of Theorem 4.5 in [7] (take c = 1) 
where it is shown that the tight closure of ideals generated by regular sequences commutes 
with localization. In fact, a more general theorem states that the F-injectivity property 
localizes for an F-finite local ring that admits a dualizing complex, see [10], Proposition 4.3. 

2. Frobenius stability of Artinian modules 

Let (R, m, k) be a Noetherian local ring of characteristic p, where p is a prime number, 
and dimension d. Let M be an Artinian i?-module. 

Assume that M admits a Frobenius action F = F M : M — > M, i.e. an additive map with 
the property that F(rm) = r' p F(m) for all m G M and r G R. 

Let Socr(M) = {x G M : m • x = 0}. This is a -R-submodule of M which is naturally a 
vector space over R/m = k. In fact, Soc^(M) is finite dimensional over k. 

Our main examples of Artinian i?-modules that admit a Frobenius action are the local 
cohomology modules of R, H l m (R) with < i < d. However we find it helpful to present the 
notions related to Frobenius stability in the more general context of Artinian modules and 
then to apply them to local cohomology. 

The following definition is inspired by Fedder and Watanabe who considered it only in the 
case of local cohomology modules. 

Definition 2.1 (Fedder- Watanabe). Let M be an Artinian i?-module that admits a Frobe- 
nius action Let S = Socr(M) be the socle of M. Denote F e (S) = {F e (m) :meS}. 

We say that M is F -unstable if there exists N > such that SnF e (S) = for all e > N. 
Note that the zero module is F-unstable. If M is not F-unstable, then it will be called 
F-stable. 

In general, we say that R is F-unstable if H l m (R) is F-unstable for every i. 

The reader should be aware that a submodule iV of M is sometimes called F-stable if 
F(N) C N. We will call such submodules N C M F-invariant to avoid any possible 
confusion. 

The following reformulation can be established in the case of an injective Frobenius action 
on M. We decided to include its proof for the convenience of the reader. 
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Proposition 2.2. (Fedder-Watanabe) Let (R,m,k) be a local ring. Let M be an Artinian 
R-module that admits an injective Frobenius action F : M — > M. Let S = Soc(M) be the 
socle of M. 

If S fl F e (S) 7^ holds for infinitely many e > (i.e. M is F-stable), then there exists 
7^ r] G S such that F e (i]) G S for every e > 0. 

Proof. Assume that S fl F e (S) = for infinitely many e. Denote M e = S n F e (S). 
Claim: M e+1 C F(M e ). 

Indeed, take m G M e+ i, that is m 6 S and m = F e+1 (a), for some a £ S. So, = 
m b 3 ] m = F(mF e+1 ^(a)) and therefore F e+1 ^'(a) G 5, for all 1 < j < e + 1. 

So F e (a) G 5 and obviously F e (a) G F e (S), since a E S, proving the claim. 

One can consider M e as a vector space over R/m = k with the multiplication /*m = l^m, 
for / G A; and m G M e . 

Moreover, F : M e — > F(M e ) is in fact an injective /c-linear map, and hence bijective. So 
dim fe (M e ) = dim fc (F(M e )) and hence dim fc (M e+1 ) < dim fc (M e ) with equality if and only if 
F e (M e ) = M e+1 . 

But from the finite dimensionality of S, we get that dim(M e ) is constant for e large 
enough. Since M e ^ for infinitely many e, we know that this constant must be non-zero. 
So, there exist N > and nonzero 7 G Mjv, where dimM e = dimM^ for all e > iV and 
F l (M N ) = M N+ i for all / > 0. We have that, for all e > N, F e ~ N is an isomorphism from 
M^v to M e . Moreover, there exists rj G S such that F N (rj) = 7. 

Let us check that F e (i]) G S for all e: if e < N, then let us first notice that m • 7 = 0. so, 
m- F N (j) = 0. This implies that F N ~ e (m - F e (j)) = and using the F-injective of R we get 
our statement. For e> N, F e {rj) = F e - N {-f) G M e C S. So, F e {r]) G S, for all e. □ 

Let m G M and set C m = (F e (m) : e > 0)r the i?-submodule of M generated by all F e (m) 
with m G M. Denote F-ann(m) := Ann^(C m ) = {r G R : rF e {m) = 0, for all e > 0}. 

A number of papers have considered the annihilators of F-invariant submodules from 
various points of view, [3, 4, 11]. An important result, independently obtained by Sharp on 
one hand and Enescu and Hochster on the other, explains the main properties of these ideals 
in the case of an injective Frobenius action on M. We will quote this result in Theorem 2.3 
below. 

A family T of radical ideals is closed under primary decomposition if for any ideal / G T 
and any irredundant intersection / = Pi fl • • • H P n , where Pi,...,P n are prime ideals, it 
follows that Pi G T, for all i — 1, ...,n. 

Theorem 2.3 (Sharp; Enescu- Hochster). Let (R,m,k) be a Noetherian local ring of char- 
acteristic p and let M be an Artinian R-module that admits an injective Frobenius action 
denoted F. Denote T = {Ann R (N) : N C M such that F(N) C N}. 

Then T is a finite set of ideals, consists of radical ideals and is closed under primary 
decomposition. 

Remark 2.4. Under the conditions of Theorem 2.3 (or 2.2), M is F-stable if and only if 
m G T if and only if there exists 7^ m G M such that m = F-ann(ra). This follows 
immediately from Proposition 2.2. 

Now it is time to explain the relationship between the F-stability of M and a stability 
concept introduced by Hartshorne and Speiser and refined by Lyubeznik. 
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Definition 2.5 (Hartshorne-Speiser) . Assume that R contains a coefficient field k. Let M 
be an Artinian i?-module such that the Frobenius F acts on M. For all j, let F J (M) = 
{F j (m) : m G M} and (F j (M)) k be the A;- vector space spanned by F J '(M) in M. The sto^e 
part of M is M s := nj>i(F j (M)) k . 

While this definition depends on the choice of the coefficient field k, Lyubeznik has shown 
that the dimension of M s as a k- vector space is independent of k (see [8], Corollary 4.11). 
Moreover, Hartshorne and Speiser proved that, in the case that k is perfect, M s is finite 
dimensional over k and the naturally induced Frobenius action is bijective on M s . 

Te be more precise, let k C K and let R K = K® k R, the complete tensor product. The 
ring R K is complete and local, with maximal ideal equal to K<g> k m and residue field K. 

For an i?-module M, we let M K = R K ®r M . Since M is Artinian over R, we have 
that M k = K Cg>fc M . If M admits a Frobenius action Fm '■ M — > M, then this induces 
a Frobenius action on M K by F m k{1 m) = l p Fm(iti), for I G if, m G M. Moreover, 
Soc r k(M^) = # <g> fc Socr(M). 

Let us denote M ni i = {m G M : there exists e such that F e (m) =0} and M re d = M/M ni i. 
Obviously, if F acts injectively on M then M ni i = 0. In general, M ni i is invariant under F 
and F acts injectively on M re( i- 

Theorem 2.6 (Hartshorne-Speiser; Lyubeznik). Assume that R contains a coefficient field 
k and let M be an Artinian R-module with a Frobenius action F on it. Then M s is finite 
dimensional over k, F : M s — > M s is injective and the k-vector subspace of M spanned by 
F(M S ) coincides with M s . Moreover, if K is the perfect closure of k, M K is Artinian over 
R K , Frobenius acts on it, (M K ) S — K <S>k M s and dim k M s = dim^(M is: ) s . 

Proposition 2.7 (Hartshorne-Speiser). Let (R,m,k) be a Noetherian local ring containing 
a perfect coefficient field k. 

(1) Let M be an Artinian R-module and let F = Fm be a Frobenius action on M. If F 
acts injectively on M then M s C Socr(M). 

(2) Let 

O^N^M^L^O, 
be a short exact sequence of R-Artinian modules that admit compatible Frobenius 
actions, i.e. the following diagram is commutative: 



* N 


— > M 




F N 




Fm 


+ N 


— > M 



Moreover, assume that F L acts injectively on L. 
Then 

-> N s -> M s -> L s 
is a short exact sequence of k-vector spaces. 

We are now in position to state the main result of this section. 

Theorem 2.8. Let (R,m,k) be a Noetherian local ring containing a coefficient field k. Let 
M be an Artinian R-module which admits an injective Frobenius action. 
Then M is F -stable if and only if M 3 ^ 0. Also, M s C Socr(M). 
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Proof. Assume that M is F-stable. Then there exists m G M such that m = F-ann(m), by 
Remark 2.4. Therefore, 

m-F e (m) = 0, 

for every e > 0. 

Let S = Soc(M) and denote M e = S f] (F e (M)) k . 

Note that M e is a A;-vector subspace of S. It can be easily checked that M e+ i C M e since 
F e+1 (M) C F e (M). 

But F e (m) G (F e (M)) k and since m-F e (m) = we conclude that F e (m) G M e . Moreover, 
F acts injectively on M hence F e {m) ^ for all e. So, M e 7^ 0. 

Since S is a finite dimensional fc-vector space and {M e } e forms a descending chain of k- 
vector subspaces, there exists e such that M e = M eo for all e > e . But M e 7^ for all e. 
Hence 

^ M eo = n e M e C n e (F e (M)) fe = M s , 

proving the first part of the theorem. 

Let K be the perfect closure of k and M K = R K ® R M = K ® k M where FL K = FL® k K. 
We have that M s C {M K ) S . 

Consider the following short exact sequence: 

- {M K ) nU — > — > M^/(M^) m , ^ 0, 

where the Frobenius actions on each module are naturally compatible. Note that the Frobe- 
nius action on M K / (M K ) na is injective. Applying Proposition 2.7 we get the following exact 
sequence 

- {M K ) S - {M K /{M K ) nU ) s . 
Since F acts injectively on M K / (M K ) nil then Propostion 2.7 (1) applies and we get 

{M K /{M K ) nil ) s C Soc^(M x /(M x ) mi )- 

Now assume M, 7^ and let rj E M s arbitrarly chosen. Then 1 (g) 77 G (M' f£ ') s . 
Using the inclusions 

(M x ) s C (M K /{M K ) na ) 8 C Soc^(M^/(M^) mi ), 

we obtain that m x • (1 ® 77) G (M K ) ni i. 

However, (1 (g) m) • (1 ® rj) C m x • (1 ® rj) G (M K ) ni i. Hence there exists e such that 
F e (l ® mr/) = G M x . But F e (l <g> mrj) = 1 ® F e (mr/). 

Moreover, M C M x and hence F e (mr]) = in M. But F acts injectively on M. Therefore, 
mi] = or, equivalently, 77 G Soc(M). This shows that M s C Soc(M). 

To finish the proof, let 7^ rj G M s . Then since F acts injectively on M we have that 
7^ F e (r]) and F e (?7) G M s . So, F e (i]) G So Ci? (M), or m • F e (r]) = for all e. Therefore M 
is F-stable, since m = F-ann(?7). □ 

Corollary 2.9. Let (R, m, k) be a local Noetherian F-injective ring containing a coefficient 
field. 

Then the following assertions are equivalent: 
(1) R is F-stable; 
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(2) there exists i and ^ rji G H % m (R) such that m = F-ann^)/ 

(3) t/iere exzsfo « suc/i H l m (R) s ^ 0. 

3. F-STABLE PRIMES 

In this section we will apply the results of the previous section to the top local cohomology 
module of a Cohen-Macaulay local ring. 

Let (R, m, k) be a local Noetherian ring of positive characteristic p and dimension d. Then 
R admits a natural Frobenius action F : R — > R, defined by F(r) = r p for all r G R. This 
action induces a Frobenius action on the local cohomology modules H^R), % — 0, . . . , d. 

If R is Cohen-Macaulay then there is only one nonzero local cohomology module, namely 
H^(R). As defined in Section 2, in this case R is F-stable if and only if H^(R) is F-stable. 

We will focus our attention now on two interesting sets of prime ideals in R that one can 
define in relation to the action of Frobenius on H^(R). 

Definition 3.1. Let R be a Cohen-Macaulay ring of positive characteristic p. 
Let 

A = A(R) = {P G Spec{R) : R P is F - stable}. 
If (R, m, k) is local then let 

B = B(R) = {P e Spec{R) : there exists r] G H^(R) such that P = F-ann(^)}. 

We remark that Theorem 2.3 implies that when R is F-injective and Cohen-Macaulay then 
B(R) is finite. Also, when R is F-injective and Cohen-Macaulay, R is F-stable if and only if 
m G B(R) (due to Remark 2.4). 

Let xi, . . . ,Xd be a system of parameters in R and denote I = (xi, . . . ,Xd). The local 
cohomology module H^(R) can be obtained as a direct limit of R/(x\, . . . , x^) where the 
maps of the direct system are given by 

R/(x\ , . . . , Xj) — > R/(x\, . . . , x l d ) : 

where I > t and x = x\ • • • xa- 

Let x G R and define I(x) := {c G R : cx q G I [q \ for all q ^0). Also, let I(x) := {c G R : 

cx q G / fal, for all q 3> 0} as in Definition 1.1 in [3]. Clearly, I(x) C /(x). 

Let x be the class of x in R/(xi, . . . , a^) and let G H^(R) be the image of x via 

R/(x u ...,x d )^Hi(R). 
Then F-ann(?7) = 7(x) whenever i? is Cohen-Macaulay. 

Conversely, consider ^ t) G H^(R) and let £ and t such that 77 is the image of x G 
R/(x\, ■■■,x t d ) under the natural inclusion 

R/(x\,...,x d )^H^R). 

Then let J = I t = (x[, . . . , x d ), and note that, when R is Cohen-Macaulay, J(x) = I t (x) = 
F-a.rni(r]). 
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Remark 3.2. (i) Using the notation just introduced we have 

B(R) = {P G Spec(-R) : I(x) = P for some I — (x±, . . . , Xd) generated by parameters and x G 

(ii) An important observation is that I(x) = I(x), whenever R is F-injective and Cohen- 
Macaulay. 

For the proof of this claim, first note that R is F-injective and Cohen-Macaulay then 
J = J F , for any ideal J generated by a system of parameters. Then cx pB G /' pe ' implies that 
c p x p b e j[ P e ] or> equivalently, (cx^f G (& e ^)W. But 1^ is an ideal generated by a 
system of parameters, so it is Frobenius closed. Therefore, we deduce that cx^ e ' G /' pE 
This shows that cx pB G 1^ implies that cx 1 ^ 1 G I^- pe \ which gives our claim. 

Therefore, whenever R is F-injective and Cohen-Macaulay, I is an ideal generated by a 
system of parameters and x G R, we can and will use the notation I(x) versus I(x) without 
further explanation. 

These comments allow one to remark to state Propositions 2.6 and 2.7 proven in [3] in the 
following concise form. Please note that whenever X is a partially order set, the notation 
Max(X) refers to the maximal elements of X under the order relation. 

Theorem 3.3. Let (R, m, k) be a local Cohen-Macaulay F-injective complete ring of dimen- 
sion d. 

Then B C A and Max(^) = Max(B). 

It is useful to know how F-stability behaves under a flat local ring extension that has nice 
fibers. 

Theorem 3.4. Let (R,m,k) — > (S,n,k) be a flat local ring homomorphism of Cohen- 
Macaulay F-injective rings. 

Assume that the closed fiber S/xnS is regular and R is F-stable. Then mS G M&x(B(S)). 

In particular if (R, m, k) is local Cohen-Macaulay F-injective and F-stable then R is local 
Cohen-Macaulay F-injective and F-stable. 

Proof. Since R is F-stable, then m = F-ann(?7) = I(u), for some / = (xi, . . . , x d ) and u G R. 
Since I(u) C I(ru), for any r G R, we can arrange that the image of u in Rjl belongs to 
Soc( /?//)• 

Let Zi,...,z n be a regular system of parameters for S/mS. Note that for any basis of 
Soc(R/ 1) say ui, ...,ui, where ui, . . . , ui belong to R, their images Hi, ...,ui in S/(I, zi, . . . , z n )S 
form a basis for its socle. 

Let J = (x 1: . . . , x d , z 1: . . . , z n )S. Note that 0^16 Soc(S/J). It is clear that m C J{u) 
and so mS C J{u). 

Let us consider c G S such that cu q G J^S for all q. 

The induced ring homomorphism R — > 5/ . . . , z^S* is still flat. Let S q = S/ (z\, . . . , z?)S. 

Let cm 9 G J [q] S and map this further to S q . Keeping the same notations for convenience 
wc sec that c G (JM :s 9 ■u 9 ). Since i? -> 5 9 is flat we get that c G (7 M : fl m 9 )^ for all q. 

Now, m = I{u) = n ? (/M : w 9 ) C : «« C m. So, m = 1^ : u q for all q. 

In conclusion c G mS q , for all g. Pulling back to S we get that c G mS* + (zf, . . . , z q )S for 
all g. So, c G mS* by taking intersection over all q. 

We have shown that mS = J(u). This automatically proves the Theorem whenever 
dim(SymS') = since under our hypotheses this shows n = mS = J(u). This gives that 
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S is F-stable or, in other words, n G Max(B(S)) (we use here that S is F-injective and 
Cohen-Macaulay) . In particular, the claim of the Theorem regarding the completion of R is 
also proved. 

But now let P = m,S and consider R — > Sp. The argument presented above for the case of 
zero-dimensional closed fiber shows that Sp is F-stable. As mentioned at the end of Section 
1, the F-injectivity property localizes, so Sp is F-injective. 

We have shown that P = mS G B(S). We can find a maximal element of B(S) the form 
J{w), with w in S, containing P = mS. This follows from Theorem 2.1 in [3] (which rests 
on Lemma 1.4 and Proposition 1.5 of the same paper). We can assume that w maps to an 
element in the socle of S/J. But this socle is generated by the socle of R/I via the natural 
map R/I — > S/ J. So, we can in fact assume that w belongs to R such that its image in R/I 
belongs to the socle of R/I. 

Now, note that since m G J(w) we have mW^ G I^S q for all q, using the same notations 
introduced above. Contracting back to R and using that it! — > S q is faithfully flat we get 
that mw''' G I^ q \ for all q, which, in turn, shows that m = I(w). By repeating the argument 
displayed earlier we get P = mS = J(w), which proves that P = mS is a maximal element 
of B{S). 

□ 

Remark 3.5. In our previous Proposition it is necessary to assume that S is F-injective. 
This condition cannot be deduced form the other hypotheses as our Proposition 4.2 shows. 

In what follows we will present a connection between the prime ideals discussed in Defini- 
tion 3.1 and a set of prime ideals discovered by Lyubeznik in his work on Frobenius depth. 
So we will move our attention to the concept of Frobenius depth considered by Hartshorne- 
Speiser, see page 60 in [6] and Lyubeznik, see Definition 4.12 in [8] and Definition 4.1 in [9]. 

Assume that R is Noetherian and let P G Spec(i2). We set coht(P) = dim(R/P). Let 
k = k(P) be the residue field of Rp. Consider a copy of A; as a coefficient field of Rp and 
let K = K(P) be its perfect closure. We let R(P) be R P ® fc K which is a local ring with 
a perfect residue field. Note that R(P) K is the completion of R(P) at the maximal ideal 
PRp <E> K (we now refer the reader to the complete tensor product defined in Section 2). 
The ring R(P) K is Noetherian. 

Clearly H PRp (R P ) = H^(R P ) and H pR(p) (R(P)) = H^(R P ) ® fc K. 

Also since R(P) K is the completion of R(P) ®k K we also have that 

H PR{P)K (R(P) K ) = H PR(P) (R(P)). 
Since H P (Rp) is Artinian we in fact have that 



which gives 



H l pjr (R P ) K = H PR(P) (R(P)) = H PR{P)K {R{P) K ) 



and hence are in position to apply results of Theorem 2.6. In conclusion, H l PR ^(R(P)) s ^ 
if and only if H^Rp), ^ 0. 
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Definition 3.6 (Hartshorne-Speiser). Let R be a Noetherian ring with dim(P) < oo. Using 
the notation introduced above, we say that the Frobenius depth of R, denoted F-depth^ 5 (_R), 
is 

F-depth H5 (P) = max{r : H pR{p) (R(P)) s = for all % < r - coht(P), for all P G 
Spec(P)}. 

The considerations above allows us to simplify this to 

F-depth HS {R) = max{r : H p ^~(Rp) s = for all i<r- coht(P), for all P G Spec(P)}. 

To be able to parse through this concept more easily it is helpful to first introduce a local 
concept of Frobenius depth. 

Definition 3.7. Let (R, m) be a local ring. Then the F-depth of R at m, denoted F-depth(m, R), 
is 

F-depth(m, R) = max{r : H l m (R) s = for all i < r} = min{r : H r m (R) s ^ 0}. 
It is easy to conclude that 
Remark 3.8. F-depth^ 5 (P) = Min{F-depth(PP P , R P ) + coht(P) : P G Spec(P)}. 

Note that for the maximal ideal m of R we have coht(m) = 0, so the inequality above 
implies that F-depth(m, R) < F-depth HS (R). 

Whenever R is zero dimensional, we can see that H^(R) = R and R s = k ^ 0. So, in this 
case F-depth (m, R) = 0. 

Assume that P is a minimal prime ideal of R, Rp is a local ring of dimension zero and we 
obtain < F-depth^ 5 (P) < dim(P/P). 

If R is Cohen-Macaulay, then its localizations at prime ideals as well as their completions 
are Cohen-Macaulay, so F-depth(P, Rp) either equals dim(Pp) or oo for any prime ideal P 
in R. This implies that F-depth H5 (P) = dim(P) if R is Cohen-Macaulay. 

Using his theory of P-modules, Lyubeznik has proven the following theorem. 

Theorem 3.9. (Lyubeznik) Let R be a homomorphic image of a finite type algebra over a 
regular local ring. 

Then there exist only a finite number of prime ideals P in R such that H l p ^-~^(Rp) s ^ 0. 

Proof. Proposition 4.14 in [8] states that there exist only finitely many prime ideals P such 
that H pjrp (R p K ) s ± 

But as noticed H pR ~~(Rp K ) s ^ if and only if H pR ~~(Rp) s ^ 0. 

□ 

This leads us to consider the following set. 

Definition 3.10. Let (R, m, k) be a Noetherian ring of positive characteristic p. 
Let C(R) = {P G Spec(P) : there exists h such that H h (Rp) s ^ 0}. 

P(Rp) 

The investigations of Section 1 allow us to state the following result. 

Proposition 3.11. Let R be a Cohen-Macaulay F-injective ring. 
Then 

A(R) = C(R). 
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Proof. Since the F-injectivity property localizes, we conclude that Rp is F-injective for any 
prime ideal P of R. Also, Rp is Cohen- Macaulay as well. 

Let P G A(R), that is, R P is F-stable. Then R P is F-stable as well. The ring R P is 
complete and we can apply Theorem 2.8 to it. Assume that ht(P) = h. Then H^(R P ) S ^ 0. 
Therefore, P G C(R). 

Conversely, if for a prime ideal P we have that Hp(R P ) s ^ then h = ht(P) and Rp 
is F-stable as a consequence of Theorem 2.8. This implies that Rp is F-stable and hence 
P G A{R). 

□ 

Corollary 3.12. Let R be a Cohen- Macaulay F-injective ring. Assume that R is a homo- 
morphic image of an algebra of finite type over a regular local ring. 
Then A(R) is finite. 

The concept of Frobenius depth can appear a little technical at a first glance. Hartshorne 
and Speiser used it to give answers to an important problem stated by Grothendieck: Let A 
be a commutative ring and let I G A be an ideal. If n is an integer, find conditions under 
which H\(M) = for all i > n and all ^-modules M. For their answer this problem we refer 
the reader to [6]. 

More recently Lyubeznik introduced the following variant of Frobenius depth, Definition 
4.1 in [9] and proved that it coincides with the earlier introduced concept of Hartshorne- 
Speiser under mild conditions. 

Definition 3.13 (Lyubeznik). Let (R, m, k) be a local Noetherian ring of positive charac- 
teristic. The F-depth of R is the smallest i such that F s does not send H^(R) to zero for 
any s. We will denote this number by F-depth L (_R). 

Theorem 3.14 (Lyubeznik). Let R be a local ring which is a homomorphic image of a 
regular local ring. Then 

F-depth^ 5 (i?) = F-depth L (P). 

Lyubeznik has also given interesting characterizations for the cases F-depth L (i?) < 1. 
Singh and Walther have added to these results by proving the following interesting theorem. 
We will show later that one cannot replace the hypothesis k algebraically closed and hope 
to obtain the same result. 

Theorem 3.15 (Singh- Walther). Let (R,m,k) be a complete local ring of positive charac- 
teristic. Assume that the residue field k is algebraically closed. Then the number of connected 
components of the punctered spectrum Spec(_R) \ {m} is 

l + dim k (H^(R)) a . 
4. Examples 

The reader can note that the F-injectivity assumption is crucial in our treatment of F- 
stability in Section 2. At times one needs to enlarge the residue field of a ring to its perfect 
closure and this brings up a natural question which is of interest in own right: is F-injectivity 
preserved under those circumstances? 

To be more precise, let us formulate the following question. 
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Question 4.1. Let (R, m, k) be a local Noetherian F-injective ring of positive characteristic 
p. Assume that A; is a coefficient field of R, that is the composition of the maps R — > 
R/m = k is the identity map. Let k — > k' be a purely inseparable extension. Is the ring 
k! ® k R F-injective? Is k! ® k R F-injective? 

Let K be the perfect closure of k, that is K = k l l pOC . The ring S = K ® k R is local with 
maximal ideal m <g>fc K. By Dumitrescu (Theorem 4.8 [2]), the ring S is Noetherian (one 
can take the finite purely inseparable extension refered to in Theorem 4.8 [2] to equal the 
trivial extension k C k, because the residue field of R is k). Since K R is the completion 
of S at the maximal ideal it is Noetherian as well. Also by flat base change we see that 
k! ® k R C K ®fe R is a flat local extension and hence the ring k! ® k R is Noetherian as well. 

Since F-injectivity commutes with completion (see for example Lemma 2.7 in [4]) we will 
examine whether S is F-injective when R is. 

We will present an example that provides a negative answer to the question. The question 
is however still open if we further assume that R is normal. 

Let k C L be an algebraic field extension and x an indeterminate. Consider R = k+xL[[x]] 
which is a local Noetherian with maximal ideal m = xL[[x]] and residue field equal to k. 
This ring is one dimensional complete domain. This example was considered in [4], Example 
2.16. 

In [4] it was proven that R is F-injective if and only if 

L p nk = k p . 

Our claim is that for a suitable extension k C L, the ring k x l p ® k R is not F-injective. In 
fact, it is not even reduced. 

Now note that k x l p C K and hence k x l p ® k R C K ® k R and therefore K ® k R cannot be 
reduced when k l l p ® k R is not reduced. 

Proposition 4.2. Let k C L be a finite algebraic extension such that L p Hk = k p and k C L 
is not separable. 

Let x be an indeterminate and consider R = k + xL[[x]]. 

(1) R is F-injective local complete F-stable 1-dimensional ring. 

(2) R ® fc k x l p is not reduced, hence not F-injective. 

Proof. (1) It is immediate that R is local, one-dimensional and complete. For a proof of the 
F-injectivity our R we refer to Example 2.16 in [4]. 

Note that x is a parameter for R. Let I = xR. We will show that there exist u e R such 
that m = I(u) = {c E R : cu q E 7^ for all q}. If this holds then, according to Remark 3.2, 
m G B(R). But this is equivalent to the F-stability of R, since R is Cohen-Macaulay, by 
Remark 2.4 or Theorem 3.3. 

Let a G L\k. Then ax G m = but ax is not in /. 

Let c G m arbitrary. Then c(ax) q is a formal power series of order at least q + 1 which 
means that it belongs to 1^ = x q R. So if we let u = ax then m C I(u). But I(u) = R if 
and only if u G I F = I which is not the case, as a G L \ k. 

(2) Since k C L is not separable, then k l l p ® k L is not reduced. 

Let u = Yli=i a Y P ®k bi, where Oj G k,bi G L, % — 1, ...,h such that u p = but m ^ 0. Note 
that u p = J2i=i °i ®fc = 1 <E> Z)i=i a «^j which is equivalent to Yli=i a M = in L. 
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Consider v = Y^!i=i a l ®k{bv x ) as an element of k 1 ^®^. Now, v p = l®[(52i=i a M) xP ] — 
0. Let us argue that v 7^ 0. Regard L k- vector space and note that k l / p ®& L ~ 

k 1 / p ® k L-x as A;- vector spaces. Moreover, L-x C i? as A> vector spaces and hence k 1 ^ p ® k L-x C 
A; 1 ^ ® fc /?. Under the isomorphism the nonzero element w G A; 1 ^ <g> fc L corresponds to 
v E k l / p ® k L ■ x C A; 1 ^ ®fc -R- In conclusion, t> is nonzero in k 1 ^ ® k R as well. 

□ 

We recall the Example 2.14 in [4] which exhibits a finite extension k C L such that 
L p C\ k = k p and also that k C L is not separable. Let -E be an infinite perfect field of 
characteristic p and set k = E(u, v). Let L = k[y]/(y 2 p + y p u — v). In [4] it was proven that 
L p fl k = k p and [L : k(L p )] > p > 1. It is known that a finite extension k C L is separable 
if and only if k(L p ) = L. 

Using the notations in the preceding Proposition, it is interesting to note that R — > 
k x l p ® k R is a flat local map with closed fiber equal to k 1 ^, a field. In this example the 
F-injectivity of R does not pass to k x l p ® k R. Much of this has to do with the fact that k l l p 
is not separable over k, where k is the residue field of R. Indeed, whenever the residue field 
extension is separable F-injectivity is preserved under flat local maps. The following result 
is essentially contained in [1], Theorem 4.2, although not stated for F-injective rings. We 
present the argument here in our context. 

Let R be a A>algebra where A; is a field. We say that R is geometrically F-injective over 
k, if, for every finite field extension k C k! the ring k! ® k R is F-injective. Note that a field 
extension L of k is geometrically F-injective if and only if k C L is separable. 

Theorem 4.3 (Aberbach-Enescu). Let (R,m,k) — > (S,n,L) be aflat local map such that 
S/mS is Cohen- Macaulay and geometrically F-injective over k. If R is F-injective and 
Cohen- Macaulay, then S is F-injective and Cohen- Macaulay. 

Proof. The proof follows as in Theorem 4.2 (1) in [1] with minor changes: replace tight 
closure by Frobenius closure, use c = 1 and let I equal an ideal generated by a system of 
parameters. □ 

We would like to end by showing that Theorem 3.15 cannot be extended to rings with 
non-algebraically closed residue field. Also a result on one-dimensional F-injective rings is 
provided as well. 

Remark 4.4. Let k C L be a field extension that satisfies the conditions of Prop 4.2. 
Then R = k + xL[[x]\ is a domain and hence the punctured spectrum is connected, while 
dim fe H^(R) S ^ 0. The latter claim follows since R is F-injective and F-stable hence by 
Theorem 2.8 H] a (R) s ^ 0. 

Proposition 4.5. Let (R, m, k) be a local complete F-injective ring of dimension 1. Assume 
that k is algebraically closed and R is domain. Then R is regular. 

Proof. The punctured spectrum Spec(i?) \ {m} is connected since R is domain. According to 
Theorem 3.15, we have that H] a {R) s = 0. But Theorem 2.8 implies that R is not F-stable. 
This implies that R is F-rational, hence regular as dim(_R) = 1. 

□ 
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